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Abstract - The purpose of this paper is to study the
chronicle developments of variational inclusions defined in
various spaces. By using the different operator techniques,
equivalence between various kinds of variational inclusions
and fixed point problems have been established. We have
given an account of various features being employed to
further extend the field of variational inclusion. We
analyze further scope of research in this area of variational
inequality.
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I. INTRODUCTION

The study of variational inequalities have been extended
and generalized in almost every field and many new and
innovative techniques have been developed. One of the
important and useful generalizations of variational
inequality is the field of a generalized mixed type
variational inequality which contains a nonlinear term.
Due to this non linear term, the projection method
cannot be used to study the existence and algorithm of
solutions for the generalized mixed type variational
inequality. These facts motivated Hassouni and Moudafi
[10], in 1994 to suggest the resolvent operator technique
which does not depend on the projection. He studied
mixed type of variational inequalities, called variational
inclusions.

Variational inclusions and related problems are being
studied extensively by many authors and have important
applications in operations research, optimization,
mathematical finance, decision sciences and other
several branches of pure and applied sciences, see [2]
to[37] and the references therein.

Variational inclusions involving three operators are
useful and important extensions and generalizations of
the general variational inequalities with a wide range of
applications in industry, mathematical finance,
economics, decision sciences, ecology, mathematical
and engineering sciences, see [1] to [37] and the
references therein. It is well known that the projection
method and its variant forms including the Wiener-
Hopf equations cannot be extended and modified for
solving the variational inclusions.These facts and

comments have motivated to use the technique of the
resolvent operators.

This technique can lead to the development of very
efficient and robust methods since one can treat each
part of the original operator independently. A useful
feature of these iterative methods for solving the general
variational inclusion is that the resolvent step involves
the maximal monotone operator only, while other parts
facilitates the problem decomposition. Essentially using
the resolvent technique, one can show that the
variational inclusions are equivalent to the fixed point
problems. This alternative equivalent formulation has
played very crucial role in developing some very
efficient methods for solving the variational inclusions
and related optimization problems, see [15] to [36] and
the references therein. Related to the variational
inclusions, we have the problem of solving the resolvent
equations, which are mainly due to Noor [17], [18], [20].

Essentially using the resolvent operator technique, we
can establish the equivalence between the resolvent
equations and the variational inclusions. These
equivalence formulations are more general and flexible
than the resolvent operator method. Resolvent equations
technique has been used to suggest and analyze several
iterative methods for solving variational inclusions and
related problems, see [17] to [23], [32],[35],[36] and the
references therein.

Motivated and inspired by the recent research activities
in these areas, some new classes of variational
inclusions and resolvent equations have been introduced.
Essentially using the resolvent operator methods, the
equivalence between the resolvent equations and the
general variational inclusions is established. This
alternative equivalent formulation is used to suggest
some iterative methods for solving the general
variational inclusions. Since the variational inclusions
include the mixed variational inequalities and related
optimization problems as special cases, results proved
continue to hold for these problems too.

Il. DEVELOPMENTS

Hassouni and Moudafi [10], in 1994, suggested the
resolvent operator technique for variational inclusion.
Then various forms of variational inclusions are
introduced and applied by many researchers. Fang and
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Huang [6], introduced a new class of monotone
operators—H-monotone  operators. The resolvent
operator associated with an H-monotone operator is
defined and its Lipschitz continuity is presented.

Fang and Huang [7], first introduced a new class of
generalized accretive operators named H-accretive
operators in Banach spaces. By studying the properties
of H-accretive operators, the concept of resolvent
operators associated with the classical m-accretive
operators to the new H-accretive operators is extended.
In terms of the new resolvent operator technique, the
approximate solution for a class of variational inclusions
involving H-accretive operators in Banach spaces is
given.

Fang, Cho and Kim [8] and Fang, Huang and Thompson
[9] introduced and studied a new system of variational
inclusions involving (H, m)-monotone operators in
Hilbert space. Using the resolvent operator associated
with (H, m)-monotone operators, the existence and
uniqueness of solutions for this new system of
variational inclusions is proved.

Lan, Cho and Verma [11], introduced a new concept of
(A, m)-accretive mappings, which generalizes the
existing monotone or accretive operators. Applications
of (A, m)-accretive mappings to the approximation-
solvability of this class of nonlinear relaxed Cocoercive
variational inclusions in g-uniformly smooth Banach
spaces is studied.

Zou and Huang [37], introduced a new H(-,-)-accretive
operator in Banach spaces and the Lipschitzian
continuity of the resolvent operator for the H(-,-)-
accretive operator is showed. By using the technique of
resolvent operator, an iterative algorithm for solving a
class of variational inclusions is constructed.

R. Ahmad and M. Dilshad [1], in 2011, generalized
H(.,.) accretive operator introduced by Zou and Huang
[37] and is called as H(.,.)- ¢ - m -accretive operator.
The resolvent operator associated with H(.,.)- ¢ - 1 -
accretive operator is defined and Lipschitz continuity is
proved. By using these concepts an iterative algorithm is
suggested to solve a generalized variational-like
inclusion problem.

Xu and Wang [36], introduced a new class of monotone
operators: (H(-, -), m)- monotone operators, which
provide a unifying framework for maximal monotone
operators, m-subdifferential operators, maximal n-
monotone operators, H-monotone operators, (H, n)-
monotone operators, A-monotone mappings, (A, n)-
monotone operators, G-n-monotone operators, M-
monotone  operators, H-monotone operators, A-
monotone operators and H-n-monotone operators. The
resolvent operator associated with an (H(-, -), m)-
monotone operator is defined and its Lipschitz
continuity is presented.,

Ahmad et al. [1], introduced a new -cocoercive operator,
which generalizes many existing monotone operators ,
Motivated by works of Ansari and Yao [4], Ahmad and

Dilshad [2] using the technique of resolvent operator,
constructed an algorithm for solving a variational-like
inclusion problem.

In 1998, Noor [21] studied a class of generalized set-
valued variational inclusions and resolvent equations.
They establish the equivalence between the generalized
set-valued variational inclusions, the resolvent
equations, and the fixed-point problem, using the
resolvent operator technique. This equivalence is used to
suggest and analyze some iterative algorithms for
solving the generalized set-valued variational inclusions
and related optimization problems.

1. IMPORTANT RESULTS

Let K be a nonempty closed and convex set in a real
Hilbert space, whose inner product and norm are

denoted by <.,.>and || || respectively. Let T, A, g : H
— H be three nonlinear operators.

Consider the problem of finding u € H such that
Oe pTu+u—g(u)+ pA(u), p>0, aconstant (1)

which is known as the general variational inclusion.
Problem (1) is also known as finding the zero of the sum
of two (or more) monotone operators..

If A(.) =0 ¢(.), where 0 ¢ (.) is the subdifferential of a
proper, convex and lower semicontinuous function ¢: H
— RU {+o0}, then the problem (1) reduces to finding u
€ H such that

0 € pTu+u—g(u)+po ¢ (u),

or equivalently, finding u € H such that

(pTu+u=g(u),()-u)+pdg(V) - pg(w) 20, WeH
@)

The inequality (2) is called the general mixed variational
inequality or the general variational inequality of the
second kind. It has been shown that a wide class of
linear and nonlinear problems arising in various
branches of pure and applied sciences can be studied in
the unified framework of mixed variational inequalities,
see [11] to[13].

We note that if ¢ is the indicator function of a closed
convex set K in H, that is,

0, ifuek
¢(u)=lK(u):¢(U)EIK(U)={ .
+o, otherwise

then the general mixed variational inequality (2) is
equivalent to finding u € K such that

(pTu+u—g(u),g(v)-u)>0, WveH:gv)eK
3

which is called the general variational inequality
introduced and studied by Noor [26] in connection with
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nonconvex functions. See also Noor and Noor [31],[ 32]
for more details.

If g = I, the identity operator, then problem (3) is
equivalent to finding u € K such that
(Tuv-u)>0, ek o)

which is known as the classical variational inequality
introduced and studied by Stampacchia [35] in 1964.

We assume that H is a real Hilbert space, C is a
nonempty closed and convex subset of H and denote by
Fix(T) the set of fixed points of a mapping T : C—C.

Let A : H —H be a single-valued nonlinear mapping and
let M : H —2" be a multivalued mapping. The so-called
quasi-variational inclusion problem (see [22] to [25]) is
to find a point u € H such that

6 € A(u) +M(u) )

A number of problems arising in structural analysis,
mechanics and economics can be considered in the
framework of this kind of variational inclusions.

The set of solutions of the variational inclusion (5) is
denoted by Q.

Special cases Q

(1) If M =8¢ : H—2" where ¢ : H -RU {+w} is a
proper convex and lower semicontinuous function and
0o is the sub-differential of ¢, then variational inclusion
problem (4) is equivalent to finding u € H such that

(AU),v—u)+o(y)—pu) =0, VyeH (6)
which is called the mixed quasi-variational inequality.
Especially, if A = 0, then (6) is equivalent to the
minimizing problem of ¢ on H, i.e., to find u € H such
that o(u) = infyen o(y).

(I 1f M = 03¢, where C is a nonempty closed and
convex subset of H and 8¢ : H —[0,] is the indicator
function of C, i.e.,

0, xeC
+oo, X&C

5c(x)={

then variational inclusion problem (5) is equivalent to
finding u € C such that

(A(u),v—u)=0, VwveC (7

This problem is called Hartman-Stampacchia variational
inequality problem.

(mn fM=0and A=1-T where | is an identity
mapping and T : H —H is a nonlinear mapping, then
problem (4) is equivalent to the fixed point problem of
T. That is, find u € H such that u =Tu.

Some important notions of variational inclusions are
given as:

If A is a maximal monotone operator on H, then, for a
constant p > 0, the resolvent operator associated with A
is defined by

Ja(u) = (I +pA) Y(u), forallu € H,

where | is the identity operator. It is well known that a
monotone operator is maximal if and only if its resolvent
operator is defined everywhere. In addition, the
resolvent operator is a single-valued and non expansive,
that is, for all u,v € H,

[9a@) =3, = u—v|

LEMMA 1.1. For a given z € H, u € H satisfies the
inequality

(U—2z,v—u)+ pp(V) — pp(u) =0,
forall v e H, if and only if

u=J,2,
where J,= (I +p0 ¢ ) is the resolvent operator.

This property of the resolvent operator J, plays an
important part in developing the numerical methods for
solving the mixed variational inequalities.

If the function ¢ (.) is the indicator function of a closed
convex set K in H, then it is well known that J, = Py, the
projection operator of H onto the closed convex set K.

Using the definition of the resolvent operator J,, one can
easily prove the following well known result.

LEMMA 1.2. The function u € H is a solution of the
variational inclusion (1) if and only if u € H satisfies the
relation

U= Ja[g(u)—pTu],

where p > 0 is a constant and Jx = (I +pA) " is the
resolvent operator associated with the maximal
monotone operator.

It is clear from Lemma 1.2 that general variational
inclusion (1) and the fixed point problems are
equivalent. This alternative equivalent formulation has
played a significant role in the studies of the variational
inequalities and related optimization problems

IV. CONCLUSION:

The research work carried out in the field of variational
inclusions has been too wvast but still there is
considerable scope of further research in this field to
develop some new algorithms for solving various
variational inclusions. We expect that new researches in
this area will not only generalize or extend but also
unify the wvarious known results of variational
inequalities and still develop some new ideas to find
further applications of variational inclusions in various
fields.
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